INTRODUCTION
In this paper we investigate the existence of a solution of a so-called resonance problem, that is, for an equation of the type Au = F(x, 24) in Q, (1.1) where the linear (differential) operator A is self-adjoint with a nontrivial kernel on L,(O) and the nonlinear map F(x, 0 satisfies some growth conditions for large values of ]r]. The starting of the problem is the wellknown paper of Landesman and Lazer [ 11. They assume that F(x, <) = f(x) + h(x) with f(t) +f(+m> as t -+ *a, and ./X-co) <f(T) <f(+a>, and are able to prove necessary and sufficient conditions for (1.1) to be solvable. Since then, many works have been done on the programs. We refer to the extensive bibliographies of the paper by Brezis and Nirenberg ] 2 ] and the survey paper by Fucik [3] . This paper is stimulated by the work of Amann and Mancini 14 ] . In [4 ] , they present a very general existence theorem for the case where the nonlinearity "does not cross an eigenvalue," that is, F satisfies j < F(x, t3 < ;z _ 6 '7' or X+64y<2 (I.21 -1 for all large values of I<(, where 6 > 0 and 2 < 1 are two consecutive eigenvalues of A. In this paper, we assume F satisfies (1.3) the case could be regarded as the most general case, where nonlinearity does not cross eigenvalues. As in [4] , we study (1.1) by the perturbation method, but different from [ 41, we consider the following perturbed equation of (1.1) Au = FJX' u) in 0, (1.4) where F,(x, c) = @(x, {) + r&, q = (6 -~)/(a + E), E > 0, and 6 = I-j. In Section 2 we recall an abstract existence theorem of a nonresonance problem established by Amann and Mancini [4] by using the well-known existence theorem for coercive pseudomonotone mappings.
In Section 3 we obtain some a priori estimates of the projections of solutions u, of (1.4) on ker(A -j), ker(A -I), and (ker(A -1) 0 ker(A -I)}'. These estimates enable us to prove that either uJ]]uJ -+ 4 E ker(A -I) or uj/i]uj]] -+ w E ker(A -1) if ]]uI]] + 03 asj-, co. Then, the existence theorems of a nonresonance problem are immediate by standard proof.
In Section 4 we consider the resonance case. We decompose F into two parts which are easier to handle. The approach results from De Figueiredo [S] and is simplified by Amann and Mancini [4] . By the estimates obtained in Section 3, we are able to obtain an existence theorem which generalizes most of the known results, where the nonlinearity does not cross eigenvalues.
NOTATION AND PRELIMINARIES
In this section, we recall a perturbation lemma and an existence theorem of a nonresonance problem given by Amann and Mancini [4] .
Throughout the paper we denote by H a real Hilbert space and by A: D(A)cH+H a self-adjoint linear operator with dense domain D(A) and closed range R(A). Let N(A) be the kernel of A. Then R(A) = N(A)', which implies that
is a continuous linear operator. We always assume that A -' is compact. From these hypotheses, the spectrum a(A) of A is a pure point spectrum.
More precisely, every ,l E a(A) -{0} is an eigenvalue of finite multiplicity, and a(A) -(0) has no finite cluster point. 
We shall state two existence theorems given in [4] to the nonlinear operator equation
where we assume that B: H + H is continuous and bounded.
We first recall a perturbation lemma which is essentially well known and a complete proof is given in [4] . By applying Lemma 1 and a well-known existence theorem for coercive pseudomonotone mappings (in the sense of Browder and Hess [6] ), Amann and Mancini [4] prove the following existence theorem in the case that the nonlinearity "lies between two consecutive eigenvalues." LEMMA 2. Suppose that there exis,t twc consecutive eigenvalues 1 < 2 of A and positive constants y,, and y < (A -A)/2 such that for all u E H. Moreover, let a := sign(l + 1) and suppose that either (i) N is finite dimensional, or (ii) aB is monotone.
Then Eq. (2.1) is solvable.
THE NONRESONANCE CASE
Throughout the remainder of the paper, we work on H = L,(R), where 0 is a finite measure space with measure m. Moreover, we suppose that
for a.a. x E a, where F: 0 x R + R is a Carathedory function, that is, F(x, r) is continuous in <E R for a.a. x E J2 and measurable in x E 0 for every r E R. Amann and Mancini [4] give a sufficient condition (N) for F, which guarantees that B satisfies the hypotheses of Lemma 2 and so resonance is excluded. 
for a.a. x E R and CE R, and
and the corresponding perturbed equation is with 0 < E < .sO = 6/2.
In the case dim N = co, to ensure aB is monotone, a := sign(k), they impose some kind of monotone conditions onf, namely, either
x E R and all it+ II, or
(ii) there exists a number c > 0 such that for a.a. x E Q and all r# II, Then (2.1) is solvable if any one of the following sets of conditions is satisfied:
(1) (M(i)), a = 1 and (H,);
and (HJ or (3) (M(ii)) and either (H,), or (H-).
In this paper, we relax the restrictions (H, (ii)) and (H_(ii)) by assuming the following hypotheses:
I./(x, <)I < (&+i -1,) lrl + Jo(x) for a.a. x E D and all <E R, where fO, c, d E L,(Q) are nonnegative.
Condition (H-2) allows that the nonlinearity "can touch but not cross two eigenvalues" and then causes some difficulties to find solutions U, of (3.1) or (3.1') and to obtain a priori bounds on them. Instead of investigating the perturbed equation (3.1) or (3.1') of (2.1), we consider the perturbed equations Au = A/$ + nf(u) + qEU, (3.2) where n = (6 -e)/(6 + E), E > 0, 6 = A,, , -Ak and f(u)(x) :=f(x, u(x)) for a.a. x E Q. We first prove the following existence theorem of solution for (3.2) . LEMMA 3. Let hypotheses (H), (H-l), and (H-2) be satisJied. Then there exists q, > 0 such that (3.2) has a solution u, for all 0 < E < E, $dim N < co or dim N = 03 and (M(i)) holds.
Proof:
We note that (H-l) and (H-2) imply that -f, (xl < f(x9 4 < x + fi (x> for a.a. x E B and < > 0, (3.3) and at -f, (xl G f(x, a < fi (x) for a.a. x E S and r< 0, (3.4) where f, E L,(Q) is nonnegative (for example, f, = 6 + f, + c + d). Conversely, (3.3) and (3.4) Hence aB,(u), B,(u)(x) := F,(x, u(x)), is monotone. Therefore, Lemma 3 follows from Lemma 2.
In the remainder of the paper, we always assume that hypotheses (H), (H-l), and (H-2) are satisfied. If dim N = co, we also assume Ak+, # 0 and (M(i)) holds.
Before we can derive a priori bounds on solutions U, of (3.2), we need the following estimates: LEMMA 4. supOCEGEO E ]( u,]] < co, where U, is n solution of (3.2).
Prooj
By decomposing u into u = v + z with v E N, and z E Ni n D(A ), (3.2) takes the form 5) where L := A -I$.
Recall that for every u E D(A),
for the proof see [4] . = &u(u)3 u) + 6rl& 11412 a rl ll.0Il' + h& 11412 -r(llull + 1).
On the other hand, lILzl12 G v2 IlfWl12 + 2V2& Ilull Ilf(u)ll + V2E2 ll~l12. The following estimates play a crucial role in deriving a priori bounds on solutions U, of (3.2). + ' I j &j Uj , (3.14) where uj=uj+wj+yj with ujENk, wjENk+,, and yjE(Nk@Nk+,)'fl w >-We note that there exists a constant c > 0 such that IILYII a c IIYII (3.15) forallyE ( In application, condition (E) should not cause severe restriction. In the remainder of the paper, we always assume that condition (E) holds. Let I,(X) := lim infv and I-i00 h,(x) := lim supv.
I-*cc
We can now prove an existence theorem where resonance is excluded, by only considering the limiting functions 1, and k, . 
Hence ~~~~~~~~~ II 41 < co, the theorem follows from Lemma 1.
COROLLARY.
Suppose that constants do not being to Nk @ Nk+ , -(0). Then and let h, and 6, be defined as above.
To prove the existence theorem for (2.1) by considering the limiting functions f, , we need the following estimates which complement Lemma 5. We remark that Theorem 2 generalizes Theorem 1.
THE RESONANCE CASE
We are now in a position to study the resonance problem in the case I', CJ+#' -L-I< co or I, (h, W+ -h^-w-) < co. We shall decompose the function f into two parts, which are easier to handle. The approach relies on a device of De Figueiredo [5] and simplified by Amann and Mancini [4 ] .
We first recall some notation and statements in [4, Appendix, (iii) ].
We note that Eq. (3.2) can be written as Lu = nf(z.4) + q&U, (4.1) or Mu = qdf(u) -du) -EU, (4.2) where L=A-&I and IM=A--J.~+,I, and for all u E D(A), (see [4, (A.l 
)]).
If uj are solutions of (4.1) and /I ujll -+ co as j-+ co. Then, by Lemma 6, either uj/llujll -+ Q E Nk -(0} or uj/lluj[l + v E Nk+, -(O}. Equation (4.1) is used in the former case and (4.2) in the latter. Let G(x, <) =f(x, <) and a' = 1 if (4.1) is used, and G(x, <) = f(x, l) -St and a' = -1 if (4.2) is used. We also remark that (3.3) and (3.4) imply that (H-1') W-(x, 4 -JO <f,(x) ItI, (H-2') I.%, 0 -64 < 6 ItI +.fi(x). We remark that the results obtained in this paper can be applied to semilinear elliptic boundary value problems as in [ 2, 4, 5 ] and semilinear wave equations as in [ 2, 41. 
